Reduced-rank restrictions can add useful parsimony to coefficient matrices of multivariate models, but their use is limited by the daunting complexity of the methods and their theory. The present work takes the easy road, focusing on unifying themes and simplified methods. For Gaussian and non-Gaussian (GLM, GAM, mixed normal, etc.) multivariate models, the present work gives a unified, explicit theory for the general asymptotic (normal) distribution of maximum likelihood estimators (MLE). MLE can be complex and computationally hard, but we show a strong asymptotic equivalence between MLE and a relatively simple minimum (Mahalanobis) distance estimator. The latter method yields particularly simple tests of rank, and we describe its asymptotic behavior in detail. We also examine the method's performance in simulation and via analytical and empirical examples.
Introduction
Reduced-rank restrictions can add useful parsimony to coefficient matrices of multivariate models, but their use is limited by the daunting complexity of the methods and their theory. In particular, reduced rank regression [4, 29] , which has been extensively researched, is not yet included in most statistics textbooks, even at the graduate level, nor in most statistical software packages. This dearth of technical training and support exists in vicious cycle with the limited number of applications attempted so far.
In an attempt to make reduced-rank methods more accessible to the average multivariate modeller, the present work takes the easy road, focusing on unifying themes and simplified methods. For Gaussian and non-Gaussian (generalized linear models-GLM, generalized additive models-GAM, etc.) types of multivariate models, the present work gives a unified, explicit theory for the general asymptotic (normal) distribution of maximum likelihood estimators, and also studies some simpler methods. To set the context of this theory, for a random variable y and a k-vector x let F (y|x) be the conditional (cumulative) distribution function of y given x. Let (x) = (F (·|x)) describe some feature of the conditional distribution of y, via a function (al) that maps conditional distribution functions to functions of x (alone). For each of g groups i = 1, 2, . . . , g, with g k, let F i (y|x) be the conditional distribution of y in that group, and let i (x) = (F i (·|x)). Let the general feature be linear in parameters :
for i = 1, 2, . . . , g, with coefficient k-vectors i subject to reduced rank, meaning that the g × k coefficient matrix = ( 1 , . . . , g ) has rank r < g. For simplicity we suppose further that the user has arranged the data so that the first r rows of form a basis for all rows. The model then has three important ingredients:
(i) a dependent variable for each of two or more groups, (ii) linear linkage between dependent variable and independent variables, (iii) limitations on links' degrees of freedom, due to a rank condition.
In the Gaussian multivariate linear model, the feature (x) is the conditional mean (x) = y dF(y|x). Here reduced-rank (iii) can be applied ad hoc, as an interesting model simplification, or can be motivated by some scientific theory. For example, a literature in financial economics (see [35, Chapter 8] , for an excellent summary) takes the latter approach when modelling asset returns, as in [23] . Related to reduced-rank regression models are factor analysis, growth curve models, MIMIC (Multiple Indicator Multiple Cause) models, error-in-variables models, latent variables models, index models, common trends, error correction models and co-integration models, and for relevant discussion and applications we refer the reader to [4] [5] [6] [8] [9] [10] [11] 47, 32, 25, 43, 21, 22, 39, 2, 3, 41, 12, 38, 1, 35, 48] .
Reduced-rank parameterization has also been developed for some non-Gaussian multivariate models. These include the multinomial logit model [6, 7] , the vector generalized linear model (GLM) and vector generalized additive model (GAM), see [46] for recent discussion. Typically, in these models the matrix parameterizes a feature which is not itself a (conditional) mean, but is related to mean of some (transformed) variable.
For many non-Gaussian multivariate models, reduced-rank methods are rarely (if ever) attempted. For example, as a measure of the center or location of a continuous distribution, an alternative to the conditional mean is the conditional median m(x) = F −1 1 2 |x , this being the median of y conditional on x, for which P (y m(x)|x) = 1 2 . When data have an asymmetric (hence non-Gaussian) distribution, the median typically differs from the mean. Linear models of conditional median date back at least to [16] , and [26] provide a review of theory and some applications of such models (see also [28] for linear models of other location measures, and [33] for models of conditional quantiles including the median). Any time that reduced-rank MANOVA or multivariate linear regression models are employed, one can imagine trying out also reduced-rank median-based models (without normality assumptions). However, we know of no such attempt, perhaps due to the task's perceived difficulty. As we show, there is a reasonably easy way to approach such problems.
As another example, consider multivariate models of variability or scale, via the conditional standard deviation:
A linear model of variability is then i (x) = i x, i = 1, 2, . . . , g, in which case the coefficient vectors i describe a conditional variability/heteroskedasticity feature, rather than a conditional location feature. We are not aware of linear models of conditional standard deviation in the literature, but the example in Section 2 derives such a model from a form of stochastic dominance. The linear model of (x) has the ingredients (i)-(iii), with a linear form (ii) of conditional standard deviation, and reduced-rank (iii) applied to the matrix of conditional variability coefficients. We can similarly apply reduced-rank structure to linear models of conditional variance 2 (x) (these being common in economics/econometrics) and other features of the conditional distribution. Maximum likelihood is the usual method for multivariate analysis, and we provide a unified theory for the general asymptotic (normal) distribution of maximum likelihood estimators (MLE) of reduced-rank multivariate models. However, maximum likelihood is often not the simplest method, and it may be computationally burdensome. By comparison, a relatively simple "minimum (Mahalanobis) distance" estimator, which we interpret as a "maximum approximate density" (MAD) estimator, is typically available, as in [23] . This sort of estimator has, under standard conditions, an asymptotic normal distribution which is fairly easy to establish (via the Delta Method) in broad form. We go further, describing the MAD estimator's behavior in more detail.
We show a strong asymptotic equivalence between MAD and MLE estimators, these two being perfectly correlated as sample size approaches infinity. To further interpret the MAD estimator, we note that it maximizes a particular (asymptotically valid) density function associated with a plug-in unrestricted (full-rank) estimatorˆ . The MAD approach is intuitive and quite general, and we describe further similarities between it and the maximum likelihood estimator.
For MAD estimation, we assume that the plug-inˆ is asymptotically normal, and this covers many cases of interest but time series models with unit root dynamics, whereˆ can be asymptotically non-normal (see for example [30, 31, 3, 35, Chapter 5] ), this being the subject of the project's sequel (in progress). The proposed MAD estimator takes as input an available full-rank estimator and plug-in variance-covariance estimate, and is consistent with an asymptotically normal distribution that we describe in detail (via explicit formulas for the relevant variance/covariance matrix). The estimator does not require a fully specified probability model, yet mimics some special behavior of maximum likelihood estimators. Also, the proposed estimator is identical, asymptotically, to constrained MLE whenˆ is (unconstrained) MLE. An advantage of the proposed method is its general practicality, whereas constrained MLE (for reduced-rank multivariate conditional variability, etc.) may be hard to compute (when available) for non-Gaussian models. We illustrate this advantage in the case of a mixed normal probability model.
We also propose a rank test, based on the ratio of asymptotic densities (RAD) for constrained and unconstrained estimators. This testing principle is intuitive and general. Since we assume that the unconstrained estimatorˆ is asymptotically normal, we report here test theory for this case only. Our approach tests whether the first r rows of coefficient matrix span the rest, and hence is consistent against two (overlapping) alternatives: (a) that has rank > r, and (b) that the first r rows are not a basis of . Hence, our test allows us to check for misspecification of the posited row basis. By comparison, other general rank tests (including [24, 17, 18, 36] ) are consistent against (a) but not (b), because they test for the existence of reduced-rank regardless of which rows form a basis. Further, we show that our test is equivalent, asymptotically, to a likelihood ratio test (which may be hard to compute) when the plug-inˆ is (unconstrained) MLE.
The remainder of the paper is organized as follows. Section 2 gives an economic example, Section 3 defines the proposed estimator and test, and Section 4 provides asymptotic theory for the methods. Section 5 continues the economic example, Section 6 studies performance through an analytical example and simulation, Section 7 concludes, and an Appendix contains mathematical proofs.
Example
We give a simple example that illustrates reduced-rank multivariate linear modelling of both conditional location (via mean and median) and conditional variability. The model, which posits a form of stochastic dominance between groups, has aforementioned ingredients (i), (ii) and (iii), applied to conditional mean, median and standard deviation, respectively. Estimating these models, subject to reduced-rank on the matrix of interest, is sometimes difficult via traditional maximum likelihood methods, but can be more convenient using approximate density (MAD and RAD) methods.
Let there be g = 2 groups of workers, the first group male and the second female. For a random sample of workers, with n 1 males and n 2 females, let y ij be the income of a worker in the ith gender group and j th education level, with j = 1 indicating at most a high school degree, and j = 2 indicating some college education.
We use data from the Integrated Public Use Micro-data Samples database (available at www.ipums.umn.edu, see [37] for description). This data is a random sample, from the year 1990, of US persons 16 years and older who earn a positive amount of income and have at most a bachelor's degree. The sample has features typically observed in income data (see [13, 15, 14] ), including higher incomes for the more educated workers, and higher incomes for men. From Table 1 , both income and log-income show high kurtosis (fat tails), and there is positive skew for income and negative skew for log-income, in each gender × education pairing. To model the skewed and fat-tailed income distribution for women and men at different education levels, we apply a Mixed Normal (abbreviated MN) probability model, separately to each of the four groups: male-low ed, male-high ed, female-low ed, female-high ed. The Mixed Normal, with suitably many mixture components, provides a flexible generalization of the normal (Gaussian) distribution. For each group, we model income as the probability mixture of two normal distributions. With gender labels i = 1, 2 for categories (male, female) and education labels j = 1, 2 for categories (low, high), we specify the probability density for gender i and education level j as
where f N (y; , 2 ) is the normal density function with mean and variance 2 . For our random sample, income y is assumed independent across genders i and education levels j .
For each group we estimate the Mixed Normal model via maximum likelihood, using the EM algorithm of [19] . We report parameter estimates in the top part of Table 2 , and from the fitted density functionsf ij (y) we compute the fitted group-wise mean, median, and standard deviation:
where F is the cumulative distribution function. The mean and standard deviation have known formulas, based on the MN model (see for example [27, 20] ), and for the median we use simulation of MN with a pseudo-sample of size 100,000. We report these results in the bottom part of Table 2 , as well as the skewness and kurtosis for each MN model, obtained via simulation.
The income descriptives in Tables 1 and 2 are consistent with the idea that women in 1990 tended to earn about half of what men did, in each education category. Formally,
where d = means equality in distribution, and c a constant close to 1/2. This characterization, which is a form of (first-order) stochastic dominance, allows a general income distribution for men at each education level, and restricts only the relative performance of women versus men.
To put this form of stochastic dominance in the context of the feature model (1), define 2 × 1 vectors x i = (x i1 , x i2 ) , i = 1, 2, with dummy variables x ij , j = 1, 2, indicating education level (low and high). Then, with y 1 and y 2 the incomes of males and females (irrespective of education level), stochastic dominance (2) implies reduced-rank multivariate linear models of conditional location, when specified in terms of either mean or median, and also implies a model of conditional variability, specified in terms of standard deviation. That is
for some 2 × 1 vectors i , mi , i , i = 1, 2, which yield 2 × 2 matrices , m , having typical rows i , mi , i , respectively. More generally, (2) implies a model (1) of conditional quantiles (including the median) and of higher-order (standardized) moments. In all of these models, linearity (ii) is not a strong assumption since x i consists of dummy variables, and reducedrank (iii) is implied by the stochastic dominance condition.
Suppose we want to compare incomes of males and females, by education, in terms of a basic descriptive such as mean, median, or standard deviation. Population descriptives can be estimated by their sample counterparts, or by maximizing the likelihood of some flexible parametric probability model like MN. In either case we can arrange mean values for the four gender × education groups into a matrix, and use a reduced-rank matrix restriction to state the idea that female mean income is equal to a constant times male mean income, with the constant being the same for each education category. To maximize MN likelihood subject to this restriction, we would need something like an extended EM algorithm, with alternating least squares woven into each EM pass. By comparison, the MAD estimator requires only simple EM followed by simple alternating least squares, both computable with existing software.
If we use median income, rather than mean income, as our income descriptive, and consider the matrix of median incomes (by gender and income), we can again use a reducedrank matrix restriction to compare male and female incomes. Here, maximum likelihood estimation of the MN model, subject to reduced-rank on the matrix of group median values, is much more difficult computationally since the median of mixed normal distributions is generally not a closed-form function of model parameters. It is feasible via Monte Carlo or simulation methods, perhaps combined with grid search, but is not supported by existing software, and would impose quite a programming/computation burden on statisticians attempting it themselves. By comparison, the MAD estimator requires only simple EM followed by a single Monte Carlo (to compute median values, a simple exercise) and then simple alternating least squares.
Definitions
We define here the proposed estimator and test, and later explore their properties and performance. When reduced-rank holds there is a factorization of the coefficient matrix:
with A and B being g × r and r × k full-rank matrices, respectively. With I r the r × r identity matrix, we specify
with C some (g − r) × r matrix which we will call the multiplier matrix. The first r rows of then form a basis, spanning the remaining rows, and we partition as
with 1 the 'basis' sub-matrix consisting of the first r rows of , and 2 consisting of the last g − r rows. Then, under (4), for the factorization = AB we have
Let S * be the set of g × k matrices whose first r rows are linearly independent and span the remaining rows. The reduced-rank form of interest is then the hypothesis H 0 : ∈ S * . To introduce the proposed methods, let = vec and = vecˆ (with full-rank plug-inˆ ), each gk × 1 vectors, and let f * ( ; , ) be a known family of probability density functions for gk × 1 vectors , with density parametrized by its gk × 1 mean vector and gk × gk variancecovariance matrix . Suppose that
for some gk × gk invertible variance-covariance matrix which depends on sample size, with each element ij → 0 in large samples, and where
Note that we assume invertibility and hence full rank of covariance matrix for the unrestricted estimator vecˆ , while at the same time entertaining reduced-rank in . This is not a contradiction, provided that particular values of elements are unrelated to the correlation among the elements of estimator vector vecˆ , as is the usual case in statistical estimation of multiple parameters, like in ANOVA, regression, etc. For example, if we the parameters of interest be the population mean income values for four groups (male-low education, malehigh ed., female-low ed., female-high ed.), then these mean values, when arranged into a 2 × 2 matrix (by gender and education), may or may not satisfy a reduced-rank matrix condition. Regardless, provided that incomes are sampled at random from the population, when estimating population mean income by sample mean income-for each group, the resulting group means are uncorrelated, and the 4 × 1 vector vecˆ has a 4 × 4 covariance matrix which is diagonal, with positive diagonal elements of the form 2 ij /n ij , and hence is full-rank. We define f( ; , ) = f * ( ; , ) as the asymptotic density function of. Let maximize the asymptotic density value f(; z,ˆ ) over z = vec M such that M lies in the set S * , whereˆ is a plug-in (invertible) estimator of , for which we assume thatˆ −1 → I (in probability). We then call a MAD estimator, and call˜ =ÃB the MAD estimator of , such that vec˜ =,
To test H 0 we introduce a Ratio of Asymptotic Densities (RAD) test statistic:
which is based on the ratio f(;,ˆ )/f(;,ˆ ) of restricted (via H 0 ) and unrestricted (asymptotic) density values.
In the remainder of this paper, we suppose thatˆ is asymptotically normal:
Let M pq be the set of p × q matrices, for some given p and q, and define the Mahalanobis metric
for each a and b in M pq and some symmetric positive definite pq × pq matrix . Then, under ). The decision rule for the proposed test is to reject H 0 if W exceeds the relevant critical value from the chi-square distribution with (g − r)(k − r) degrees of freedom, in which case the test is a "minimum chi-square" test (alternatively called a "generalized Wald" test by [40] ).
When suitably applied to multivariate models of conditional mean (as in MANOVA, regression, and errors-in-variables models), the proposed methods reduce to well-known maximum likelihood estimators and likelihood ratio (LR) tests. For example, in the context of Gaussian reducedrank regression, ifˆ is the unconstrained MLE estimator, andˆ is its maximum likelihood variance/covariance estimate, then˜ is a reduced-rank MLE and W is a likelihood ratio test statistic for H 0 , as can be seen by applying [34, Theorem 3] ) to [35, line 14 of p. 31] . Similarly, W can take the form of a Rao/score/Lagrange multiplier test whenˆ is obtained from constrained maximum likelihood. For models of conditional mean in which the errors can be non-normally distributed, the proposed estimator is not necessarily maximum likelihood but can take the form of "generalized least squares" (as in [21, 43] ).
Theory
To proceed, for each reduced-rank matrix M ∈ S * write M = LQ for some g × r matrix L = [ ), it is useful to write
There 
Likewise, using the fact that vec Q L = (I g ⊗ Q ) vec L we get the 1 × (g − r)r vector:
where R is the gr × (g − r)r matrix:
with 0 r 2 ,(g−r)r the r 2 × (g − r)r matrix with all entries = 0. Setting derivatives equal to zero, we obtain partial solutions forB andC:
The (rk + (g − r)r) × (rk + (g − r)r) Hessian matrix of second partial derivatives for ln(f) with respect to v is
with H 11 the upper-left rk × rk sub-matrix of H , H 12 the upper-right rk × (g − r)r sub-matrix, etc. Evaluating Q and N atB andC, respectively, yields the resultH for H . Using the abovementioned formulas relating vec Q L to vec Q and vec L , respectively, we obtaiñ
For the cross-derivative termH 12 , we repeatedly make use of the chain rule and the fact that 
with Z the kr × gk 2 r matrix:
Using the fact that˜ =ÃB is a (weakly) consistent estimator of under H 0 and (8) (as is readily shown, and can be obtained from Lemma 
with P the gk × (rk + (g − r)r) matrix:
Partition V˜ as we did H , yielding upper-left rk ×rk sub-matrix V˜ 11 , etc. in which case (using the partitioned inverse formula) we have:
Defining VB = V˜ 
The asymptotic variance matrices for vecB and vecC coincide (asymptotically) with −H 11 and −H 22 , respectively, whereH ij is the (i, j )th partitioned block of the inverseH −1 of Hessian matrixH (with partitioning as in H ); hence the asymptotic theory of MAD estimators mimics classical asymptotics for maximum likelihood estimators. [45] exploits this sort of resemblance in his study of the likelihood ratio statistic (see also [42, p. 240] ). We can further this resemblance by introducing the (rk
, consisting of partial derivatives (9) and (10) evaluated at M = , in which case, from Theorem 1 we conclude:
mimicking the asymptotic behavior of maximum likelihood estimators (as described in [42] , Section 5.5, for example). It is interesting to interpret the asymptotic variance matrices VB and VC in light of formulas (11) and (12 To examine the proposed estimators in the context of probability models and likelihood functions, consider the following general situation. Let L(x; ) be a (generalized) log-likelihood function with some a × 1 parameter vector . Let the restricted form of the model have = q( ) for some b × 1 vector , b < a, and differentiable function q. Let † andˆ be the maximum likelihood estimators with and without the restriction, respectively, and let † be the MLE estimator of . L is the 1 × a vector of partial derivatives of L with respect to 1 , . . . , a , and L is the a × a second derivative matrix of L, each evaluated at , and q is the a × b derivative matrix of q, evaluated at . Define a × a matrix Vˆ = (−EL ) −1 . LetVˆ be an invertible estimate of Vˆ . With fˆ ( ; , Vˆ ) the normal density function with mean vector and variance matrix Vˆ , let˜ be the "MAD" estimator of , maximizing the asymptotic density fˆ (ˆ ; q(u),Vˆ ) over u, and let = q(˜ ). To apply Theorem 3 to our case of reduced-rank matrix estimators, let be partitioned = ( 1 , 2 ) , with 1 = , and let be partitioned as = ( 1 , 2 ) , with 1 = . Also, let q( ) = (t ( 1 ) , 2 ) , with t: = t ( ). The MAD estimator of contains components˜ 1 and˜ 2 , and because the specification 1 = t ( 1 ) and 2 = 2 allows 1 and 2 (likewise 2 To compute the MAD reduced-rank matrix estimator˜ and its component matricesB andC, various numerical routines are possible. A simple method is to start with the estimatorB =ˆ 1 of B, plug this into (11) to get an estimate of C, then plug this C estimate into (12) to get an updated estimate of B, etc., until convergence. Another approach is the Newton-Raphson
Assumption 1. Suppose that
) s(˜ (j ) ), j = 1, 2, . . . , given some initial value˜ (1) , with H as above and s the matrix of first partial derivatives given by (9) and (10) (forming the upper and lower rows of s, respectively), each evaluated at˜ (j ) . Note that we do not here prove convergence of the computational routines, but recommend the first of these routines (which we have used extensively, with real data and in simulations, with no problems).
Regarding the proposed RAD test of reduced-rank we have: Further, writing V = we have
under (8) and H 0 . This behavior of W imitates that of the likelihood ratio test, as we now explain.
In the setting described in Assumption 1, define the likelihood ratio test
and L (0) the unconstrained and constrained log-likelihoods, respectively.
Assumption 2.
LR
This high-level assumption about LR is standard and valid under known low-level primitive conditions, such as smoothness of the data density function (see for example [42, Chapter 16] ).
Theorem 5. Under H 0 and Assumptions 1 and 2, the RAD test statistic W is (asymptotically) equivalent to the likelihood ratio test statistic LR.
We can extend the test equivalence in Theorem 5 to local alternatives. For this, generalize ( , I a ) , for some 0 = q( 0 ), some 0 , and a vector . Also, in the Appendix setup for Lemmas A.1-A. ( , I m ) , with 0 satisfying a hypothesized restriction on parameter vector , and a vector . Local alternatives arise when vectors and have non-zero elements. To cover this situation we can readily extend Theorem 3 under Assumption 2 and generalized Assumption 1, and from this find that the (local) power of the RAD test and likelihood ratio test are the same, given by the non-central chi square distribution 2 (g−r)(k−r) ( ).
Example, continued
We apply the convenient approximate density (MAD and RAD) methods to income descriptives (mean, median, standard deviation) of males and females, in two ways. First, we use sample descriptives as the input to the approximate density methods. Second, we use as input descriptives obtained from the Mixture of Normals model.
To proceed with inputs given by sample descriptives, let the full-rank estimatorˆ consist of sample means, medians or standard deviations. For the estimated variance matrixˆ ofˆ , let all off-diagonal elements equal zero (since each two-way cell is sampled independently of the others) and, for diagonal elementsˆ mm (with m = 1, . . . , 4 corresponding to (i, j ) = (1, 1), (1, 2), (2, 1), (2, 2) ), (I) in the case of means letˆ mm = s 2 ij /n ij , where s 2 ij and n ij are the sample variance and sample size for ith sex × j th education level, (II) for medians letˆ mm = (y (n−k ij +1) − y (k ij ) ) 2 /(4z 2 0.995 ), with k ij = (n ij + 1)/2 − z 0.995 n ij /4, z 0.995 the 0.995 quantile of the standard normal distribution, and y (1) , . . . , y (n ij ) the (i, j )th cell's data in ascending order (see [44, p. 134 
To proceed with inputs given by descriptives of the Mixture of Normals model, let the full-rank estimatorˆ consist of means, medians or standard deviations associated with the MN models which in Section 2 we estimated via maximum likelihood. For the covarianceˆ of vecˆ , we useˆ = D EV D E , withV the outer-product-of-scores estimator of covariance for the maximum likelihood parameter estimates, and with D E the 1 × 5 vector of estimated partial derivatives for the MN model's descriptive E-either mean, median, or standard deviation, with respect to the MN parameters: Table 3 reports estimates of reduced-rank matrix components, and their standard errors, and well as tests of reduced-rank in the 2 × 2 matrix . To obtain standard errors for MAD estimators, we use the (asymptotically valid) variance matrix V˜ with unknown , A, B replaced byˆ ,Ã,B. With male and female income coefficients (by education level) given by the 1 × 2 row vectors 1 and 2 , the reduced-rank (r = 1) restriction is 2 = c 1 , and the proposed estimates of c are near 1/2 for each coefficient concept (mean, median, etc.), consistent with Table 1 and our earlier discussion. The proposed rank tests mostly fail to reject H 0 , with p-values 0.20 in all cases except for the test of median incomes, based on the MN model, where evidence is marginal-p = 0.05. 
Performance
Let g = 2, k = 2 and r = 1, in which case
, for some scalars b 1 , b 2 , c. Also, let each of the four (i, j ) classifications have a sample of the same size n. To describe estimator performance we first obtain some asymptotic formulas, then report on some finite-sample simulations.
Asymptotics
For asymptotics we set = 2 I 4 /n, for some 2 
Applying Theorem 1 yields
where M˜ = (P −1 P ) −1 P −1 is the 3 × 4 matrix:
This ties the performance of˜ explicitly to that ofˆ . Further, we find by direct computation the Hessian matrixH and the probability limit:
and using the fact that −H V˜ → I 3 in probability, we compute V˜ = −n −1 (plim n −1H ) −1 to obtain
which agrees with formula V˜ = (P 
where M = P (P −1 P ) −1 P −1 is the 4 × 4 matrix:
This ties˜ 's performance explicitly to that ofˆ . Further, evaluating the asymptotic variance of (as given in Theorem 2) yields
in which case the elements of the MAD restricted estimator˜ have smaller asymptotic variance than those of the unrestricted estimator (which has asymptotic variance matrix = 2 I 4 /n), to an extent that depends on the values of b and c.
Simulation-exponential model
Turning to finite-sample performance, we first simulate a model of random variables y ij , i = 1, 2, j = 1, 2, mutually independent with exponential distributions, having density functions: Using the above-described methods, we simulate the methods on pseudo-samples of size n = 25, 50, 100. For each sample size, we loop through 10,000 rounds of our sample-generating routine, each time-generating pseudo-data having the posited exponential distributions. The particular choice of parameter values is: 11 = 1, 12 = 2, 21 = 2, 22 = 4, in which case has rank = 1, with b 1 = 1, b 2 = 2, c = 2. For each pseudo-sample we compute the desired statistics, recording the results. The result is a record of 10,000 trial values of the various statistics, and we summarize these in Table 4 , with rej(10), rej(5), rej(1) being dummy variables that equal 1 if the relevant test statistic exceeds its critical value at significance level 10, 5, 1, respectively. The simulations are consistent with our earlier claim that the MAD estimator is asymptotically perfectly correlated with the (reduced-rank) maximum likelihood estimator. Also, the MAD estimator requires only unconstrained maximum likelihood estimation (trivial here) and a generically available minimum-distance algorithm, whereas maximum likelihood for the reduced-rank exponential model requires a tailor-made algorithm. The RAD test and LR test perform similarly, again consistent with theory.
Simulation-Student's t model
To further describe the approximate density (MAD and RAD) methods, consider again incomes for genders i = 1, 2 (male, female), and education levels j = 1, 2 (low, high). For each two-way classification, we create a pseudo-sample of sample size n, mutually independent realizations distributed as
with u ij a Student's t random variable (degrees of freedom = 4, matching income kurtosis, As in Section 5, let the 2 × 2 coefficient matrix consist of population mean values (by gender and education), or medians, or standard deviations. For MAD and RAD methods we use as plugin inputsˆ andˆ the sample descriptives and their associated covariance, the same ones as in Section 5.
With 10,000 simulation rounds, Table 5 reports on the performance of the MAD estimator and RAD test of reduced rank. Reported are the (simulation pseudo-sample) mean and standard deviation of the estimators, and the rejection rate (under H 0 ) for the RAD test at 5% significance level. The results suggest reasonable accuracy of the MAD estimator, even in smaller samples, and reasonable fidelity between the RAD test rejection rates and the claimed significance level (5%). An analogous simulation (omitted, for brevity), with standard normal u ij , yields similar results. If desired we could also examine the MAD and RAD methods based on a Mixed Normal MLE plug-in, as described in Section 5, with potentially greater efficiency; however, we have found such simulations to take much longer, hence do not attempt a large number of them here.
Conclusion
The present work proposes reduced-rank estimators, and a test, of 'coefficient' matrices, with coefficients for multivariate linear models of features (such as mean, median, standard deviation) of conditional distributions. We demonstrate the feasibility of the methods, and give a first-order asymptotic theory for the proposed estimator. It would be interesting to attempt some second-order analysis of bias and variance, and to conduct a simulation study of the power of the proposed test. Also, while the proposed reduced-rank coefficients estimator and rank test rely on an asymptotic normal distribution for the unrestricted coefficients estimator, we are currently pursuing the case of non-normal distributions (as arise in unit root time series), including error correction models of conditional medians.
Appendix A.
For an m × 1 vector let = q( ) for an (unknown, unique) l × 1 vector , with l < m, and a (known) continuously differentiable function q. Let q (v) = *q(v)/*v be the m × l matrix of partial derivatives, and suppose that q ( ) is full-rank. Letˆ be an estimator for which Proof. The (weak) consistency of¯ follows from that ofˆ , and for minimizer¯ the first-order condition is (ˆ − q(¯ )) V −1 q (¯ ) = 0. Further, since q is continuously differentiable and q ( ) has full rank, with the approximation q(¯ ) ≈ q( ) + q ( )(¯ − ) the first-order condition yields − ≈ ((q ( )V −1 q ( )) −1 q ( )V −1 (ˆ − ). Sinceˆ ≈ N( , V ), the result follows.
